Fragmentation is the dominant mechanism for hadron production with high transverse momentum. For spin-triplet S-wave heavy quarkonium production, contribution of gluon fragmenting to color-singlet channel has been numerically calculated since 1993. However, there is still no analytic expression available up to now because of its complexity. In this paper, we calculate both polarization-summed and polarized fragmentation functions of gluon fragmenting to a heavy quarkantiquark pair with quantum number
Fragmentation is the dominant mechanism for hadron production with high transverse momentum. For spin-triplet S-wave heavy quarkonium production, contribution of gluon fragmenting to color-singlet channel has been numerically calculated since 1993. However, there is still no analytic expression available up to now because of its complexity. In this paper, we calculate both polarization-summed and polarized fragmentation functions of gluon fragmenting to a heavy quarkantiquark pair with quantum number 3 S [1] 1 . Our calculations are performed in two different frameworks. One is the widely used nonrelativistic QCD factorization, and the other is the newly proposed soft gluon factorization. In either case, we calculate at both leading order and next-to-leading order in velocity expansion. All of our final results are presented in terms of compact analytic expressions. 
I. INTRODUCTION
As heavy quark mass m Q is much larger than the QCD nonperturbative scale Λ QCD , the production of heavy quark-antiquark (QQ) pair is perturbatively calculable. Due to the binding energy of QQ for a heavy quarkonium being at the order of Λ QCD , hadronization of QQ to heavy quarkonium is nonperturbative. Therefore, study of quarkonium production can help to understand both perturbative and nonperturbative physics in QCD. Nevertheless, more than 40 years after the discovery of the J/ψ, the production mechanism of heavy quarkonium, the simplest system under strong interaction, is still not well understood.
Recently, two of the present authors proposed a soft gluon factorization (SGF) theory to describe quarkonium production and decay [1, 2] . On the one hand, SGF is as rigorous as the currently widely used nonrelativistic QCD factorization (NRQCD) [3] , which means either both of them are correct to all orders in perturbation theory, or both of them are broken down at a sufficient large order in α s expansion. On the other hand, it was argued that the convergence of velocity expansion in SGF should be much better than that in NRQCD [1] . Thus, SGF may resolve some difficulties encountered in NRQCD for quarkonium production. In this paper, we use SGF and NRQCD to compute the gluon fragmentation function (FF) to J P C = 1 −− quarkonia, which is useful for understanding the production of these quarkonia at high transverse momentum p T . According to QCD collinear factorization [4] , the inclusive production cross section of a specific hadron H at very high p T is dominated by the fragmentation mechanism at leading power (LP) 1 ,
where i sums over all quarks and gluons, and z is the light-cone momentum fraction carried by H with respect to the parent parton. The hard part dσ A+B→i(pT /z)+X can be calculated perturbatively, while the FF D i→H (z, µ), describing the probability distribution of the hadronization from i to H, is nonperturbative and universal. The dependence of FF on factorization scale µ is controlled by the DGLAP evolution equation [8] [9] [10] ,
where P ij are splitting functions that can be calculated perturbatively. Based on this evolution, FF at an arbitrary perturbative scale µ can be determined by FF at an initial scale µ 0 . In the case that H is a heavy quarkonium, there is an intrinsic hard scale m Q in FFs. Usually, we can choose the initial scale µ 0 > ∼ 2m Q , so that ln(µ 2 0 /m 2 Q )−type logarithms are not large. As m Q ≫ Λ QCD , FFs evaluated at µ 0 can be further factorized as perturbative calculable short-distance coefficients (SDCs) multiplied by nonpertubative part at the scale m Q v and below. If one uses either SGF or NRQCD to do this factorization, one needs to sum over states of intermediate QQ pair, which are usually expressed as spectroscopic notation
J with c = 1 or 8 to denote color singlet or color octet. For the gluon fragmentation to 1 −− quarkonium, like the J/ψ, ψ(2S) and Υ(nS), the dominant contribution comes from [11, 12] for v 0 contribution and in Ref. [13] for v 2 correction. However, analytical results are still absent because of the complexity of the problem. One reason is that there are two gluons emitted in the final state, so the phase space integral is similar to two-loops integral. The other reason is that light-cone momentum is involved in the definition of fragmentation function, which makes the phase space integral more complicated than usual. In Refs. [11, 12] , there is a four-dimensional integral left for numerical computing. In Ref. [13] , the authors make some transformation of the variables and analytically integrate out two more dimensions, but there is still a two-dimensional integral that has to be calculated numerically. Besides, there is no calculation of polarized SDCs based on the definition of fragmentation function, of which the result is useful for understanding the polarization puzzle [14] [15] [16] [17] [18] .
In this paper, we analytically calculate SDCs of gluon fragmenting into
1 state separately in SGF and NRQCD frameworks. We include both v 0 contribution and v 2 contribution in nonrelativistic expansion. In all cases, we provide transversely polarized SDCs in addition to polarization summed SDCs, while longitudinally polarized SDCs can be obtained by their difference.
The rest of the paper is organized as follows. In Sec. II, we first introduce the definition of gluon FF, and then describe how to apply SGF and NRQCD to calculate the FF in detail. The resulting expressions are complicated phase space integrals. In Sec. III, we use integration-by-part (IBP) method [19] [20] [21] [22] to express these phase space integrals in terms of some bases, which are called master integrals. We then calculate these master integrals. Almost all master integrals can be easily calculated except one, which we calculate by constructing and solving a differential equation with a trivial initial condition. Then we exhibit the analytical results and the large z behaviour of the FFs. Finally, we present numerical results and a discussion in Sec. IV. Some coefficients of analytical results calculated in this paper are given in the Appendix.
II. FACTORIZATION OF QUARKONIUM FRAGMENTION FUNCTIONS

A. Definition of fragmentation functions
In this paper, we use light-cone coordinates where a four-vector V can be expressed as
The scalar product of two four-vector V and W then becomes
We introduce a light-like vector n = (0, 1, 0 ⊥ ), so that n · V = V + . The Collins-Soper definition of FF for a gluon fragmenting into a hadron (quarkonium) is given by [23] 
where G µν is the gluon field-strength operator, P H and P c are respectively the momenta of the fragmenting hadron and initial virtual gluon, and z is the "+" momentum fraction of the initial virtual gluon carried by the hadron. It is convenient to choose the frame so that the hadron has zero transverse momentum, P H = (zP
where M H is the mass of the hadron. The projection operator P H(PH ) is given by
where X sums over all unobserved particles. The gauge link E(x − ) is an eikonal operator that involves a path-ordered exponential of gluon field operators along a light-like path,
where g s = √ 4πα s is the QCD coupling constant and A µ (x) is the matrix-valued gluon field in the adjoint represen-
In the light-cone gauge A + = A · n = 0, the gauge link E(0, x − , 0 ⊥ ) becomes 1 and thus it does not show up in the Feynman diagrams. In fact, for the problem studied in this paper, the gauge link has no contribution even if we work in Feynman gauge.
B. Applying SGF to fragmentation functions
The one-dimensional SGF for gluon fragmenting to quarkonium H is given by [1] 
where
J is in spectroscopic notation to denote quantum numbers of the intermediate QQ pair, d n (z/r, M H /r, m Q , µ 0 ) are SDCs to produce a QQ pair with invariant mass M H /r and quantum number n, F H n (r) are one-dimensional soft gluon distributions (SGDs) defined by four-dimensional SGDs
and four-dimensional SGDs are defined as expectation values of bilocal operators in QCD vacuum,
where Γ and Γ ′ are color and angular momentum projection operators that define n, E(x) are gauge links that enable gauge invariance [1, 2] .
One typical diagram for the gluon fragmenting into
1 QQ pair in the light-cone gauge at LO order in αs. The other diagrams are obtained by permutation.
As mentioned in the introduction, for gluon fragmenting to 1 −− quarkonium in this paper we keep only n = intermediate QQ state, we thus suppress the subscript n in the rest of this paper. Then the lowest order in α s expansion of d(z/r, M H /r, m Q , µ 0 ) is described by Feynman diagrams of a virtual gluon decaying to a QQ pair with quantum number
1 combined with two more gluons, as shown in Fig. 1 , which can be formally defined as the lowest order in α s expansion of the following matrix element,
where M is the invariant mass of the QQ pair.
In the momentum space, we have the lowest order in α s expansion
is the space-time dimension, P is the total momentum of the QQ pair, k i (i = 1, 2) is the momentum of the ith final-state gluon, and final-state phase space is defined as
where 2! is the symmetry factor for identical gluons in the final state. The matrix elements M(P, k i , m Q ) are defined as
where λ and λ i (i = 1, 2, 3) are polarizations of the QQ pair and gluons, respectively, and M λλ1λ2λ3 (P, k i , m Q ) is the amplitude to produce a QQ pair with momentum P and quantum numbers
1 . Summation over all polarizations of the heavy quark pair with momentum P gives
and summation over all polarizations of gluons or summation over transverse polarizations of the heavy quark pair with momentum k gives
In the above, polarizations are quantized along the vector n.
The amplitude to produce a
1 state can be obtained by
where M λ1λ2λ3 (P, k i , q, m Q ) is the amplitude to produce an open QQ pair, with momenta p = P/2 + q for Q and p = P/2 − q forQ, and Γ λ is used to project the QQ pair to
1 state, with definition
where ǫ µ λ are polarization vectors. As both p and p are approximated to be on mass shell [1, 2] , we have
As a result, the four-momentum q has only two degrees of freedom, which are chosen to be the two-dimensional spatial angles Ω at the rest frame of P . After integration over spatial angles, the obtained M λλ1λ2λ3 (P, k i , m Q ) in Eq. (17) has no dependence on q any more.
Note that the dominant contribution of Eq. (8) comes from the region where
, thus we can simplify SDCs by expanding q 2 /M 2 . In the SGF framework, this expansion is obtained by first expressing m 2 Q = M 2 /4 + q 2 , and then fixing M but expanding q 2 at the origin 2 .
Because neither phase space integration nor polarization vectors depend on m Q and q, the above expansion can be achieved by a similar expansion of the amplitude in Eq. (17),
with
where I µν (P ) is defined in Eq. (15) . With this expansion, SDCs have expansion
Similarly, if we sum over only transerve polarizations of the QQ pair by using the projection operator in Eq. (16) instead of that in Eq. (15), we can obtain transversely polarized SDCs
Longitudinal polarized SDCs can be obtained by subtracting out transversely polarized SDCs from corresponding polarization-summed SDCs.
C. Applying NRQCD to fragmentation functions
While if applying the NRQCD, we get
where d
O,P n (z, 2m Q , µ 0 ) are SDCs to produce a QQ pair with invariant mass 2m Q and quantum numbers n, and O H n and P H n are respectively NRQCD long-distance matrix elements (LDMEs) at first and second order in v 2 expansion [3] , which can be expressed as the vacuum expectation value of a four-fermion operator in NRQCD vacuum
where ψ † and χ are the two-component operators to creat a heavy quark and a heavy antiquark, respectively, and κ n and κ ′ n are combinations of Pauli and color matrices. These LDMEs are defined in the rest frame of H and expected to be universal. If the hadron H is the free QQ pair, we have P
As mentioned above, we only consider n = (2) in SGF defined in Eq. (22) . The only difference is that, in the NRQCD, one expands q 2 with fixed m Q but not M , which implies that phase space also needs to be expanded. For this purpose, we first extract the dependence on q explicitly by rescaling momenta in the delta function in Eq. (13) by M as following,
Thus the phase space in Eq. (13) changes to
where dΦ is the same as dΦ except that momenta in it have been changed to the dimensionless ones, and therefore it has no dependence on q. If we further denotê
we get a similar relation as that in Eq. (12),
Then the expansion of amplitudeM λλ1λ2λ3 (P ,k i , m Q ) can be achieved similarly as that in Eq. (20) and Eq. (21), except that we express M 2 = 4(m 2 Q − q 2 ) and fix m Q . Eventually, we get
Clearly, we have the relation
. Again, we can obtain transversely polarized SDCs
where we also have
III. CALCULATION OF THE SHORT-DISTANCE COEFFICIENT
For the process of gluon fragmenting to spin-triplet color-singlet S-wave quarkonium at LO in α s , there are two soft gluons in the final state as shown in Fig. 1 . We denote the "+" component of the first gluon as k
, then for the second gluon we have k
To simplify our notation, we will use only dimensionless momenta defined in Eq. (27) but omit the superscript "ˆ" in the rest of this paper.
According to Sec. II, calculation of SDCs can be decomposed into the sum of a series of integrals with the form
is fractional polynomials with respect to z and z 1 , and
We note that z 1 does not appear in the denominators, which is because, as we pointed out, the gauge link in the definition of FFs has no contribution in our case.
A. Reduction to Master Integrals
Calculating general integrations in Eq. (35) analytically is not an easy task, and only numerical results are available in literature [11] [12] [13] . To perform them analytically, we employ the IBP reduction method [19] [20] [21] [22] 
where a i (i = 1, . . . , n) are integers that can be either positive or negative, and denominators D i (i = 1, . . . , n) are linear functions with respect to scalar products of loop momenta l i (i = 1, . . . , h) and external mementa. The program FIRE, by employing IBP, can reduce these complex integrals into limited number of simpler integrals which are called master integrals. Nevertheless, integrations in Eq. (35) are not directly handleable by FIRE because there are delta functions in the phase space, which becomes more clearly if we rewrite the phase space as
where subscript "+" of a delta function means that energy of the momentum inside the delta function is positive. To make delta functions handleable by FIRE, we rewrite a delta function as
which changes the delta function to a propagator denominator. We can further identify z 1 = z k 1 · n/(1 − z)P · n, and choose the following notations
then integrals in Eq. (35) are casted to
together with 7 other kinds of integrals with similar form except that some of small imaginary parts of E 5 , E 6 , E 7 change from " +iε " to " −iε ". Since IBP reduction is independent of the small imaginary part, these 8 kinds of integrals have similar reduced results. Therefore, after reduction, we can change E 5 , E 6 , E 7 back to corresponding delta functions, and thus we can obtain master integrals of Eq. (35). One important point is that any master integral with non-positive power of E 5 , E 6 , E 7 must be canceled by other master integrals reduced by the other 7 kinds of integrals. Combining with the fact that powers of E 5 , E 6 , E 7 can be always chosen to no larger than 1, our obtained master integrals have the same phase space integration as that in Eq. (35).
The denominators E 1 , · · · , E 7 in Eq. (41) are linearly dependent, which can be easily changed to be linearly independent with the same integrations structure. We further add a denominator E 8 to some integrals to make them complete. After reduction by applying FIRE [21] , SDC, say d (0) , becomes
where coefficients f a are fractional polynomials in terms of z, which can be expanded in powers of ǫ, and master integrals I a can be defined as
with F a (a = 1, . . . , 13) choosing from
where E i (i = 1, . . . , 4) are defined in Eq. (36).
B. Calculation of Master Integrals
Calculation of SDCs is now reduced to calculation of the thirteen master integrals defined in Eq. (43). Among them, each of the first 11 master integrals involves only one denominator that has cross term k 1 · k 2 . In this case, the cross term can be removed by shifting k 2 , and then we can integrate over k 2⊥ , k 1⊥ and z 1 sequentially. For the 12th master integral, as both of its denominators depend on k 1 · k 2 , we can first do a Feynman parametrization, and then integrate over k 2⊥ , k 1⊥ , Feynman parameter, and z 1 sequentially. Although they are easy to calculate, expressions of the first 12 master integrals are quite long, we will not list them in this paper. The most complicated master integral is the last one, which is hard to integrate directly. We will find other way to get the analytical result. In this section, at first we discuss some difficulties encountered in the calculation of the first 12 master integrals, and then concentrate on calculating the last master integral.
For the 4th to 10th master integrals, after integrating over k 2⊥ , there is still a term proportional to
where a and b are both nonnegative functions of z and z 1 . This integral on the one hand is cumbersome to expand ǫ after the integration, and on the other hand is ultraviolet divergent and thus cannot expand ǫ at the integrand level. We rewrite Eq. (45) as
where the second term can be integrated and then expand ǫ easily, while the first term is ultraviolet finite and thus can expand ǫ at the integrand level. For the first term, we need to expand to second order in ǫ and thus results in one-dimensional integrals
and
Then we can integrate over z 1 easily. For the 11th master integral, after integrating over k 2⊥ , the master integral is proportional to
with a = (1 − z)/z, which is infrared divergent when integrating over z 1 near the region z 1 = 0. Thus one cannot expand ǫ at the integrand level. Yet, we can re-scale k 1⊥ by a factor of z 1 , and we get
which although is still infrared divergent, but we can expand the integrand other than z
as a power series of ǫ. Now let's concentrate on the last master integral
which is hard to calculate using the traditional integration method with Feynman parametrization. Yet we can calculate it by constructing and soloving a differential equation [24] [25] [26] [27] . We define
where we omit 7 other similar terms. Denominators of it do not contain z except E 7 . If we take the derivative of g(z), it becomes
Then we can reduce the integrals again by using IBP and arrive at a differential equation about g(z)
where h(z) is a linear combination of the first 12 master integrals, which gives
It is easy to see that g(z) has no divergence, and thus the term proportional to ǫ in Eq. (54) can be safely omitted. Thus the differential equation can be solved by integrating h(z) over z combined with an initial value. A good choice of the initial value can be at z = 1, where one gets g(1) = 0 as the integral over plus direction is suppressed. With this initial value, we eventually get
C. Analytical results
Substituting analytical results for the thirteen master integrals into Eq. (42), we find all kinds of divergences are canceled, and finite result gives
where I 13 is given in Eq. (56), coefficients C and C i (i = 0, . . . , 11) are given in Eq. (A.1) in the Appendix, and L i (i = 0, . . . , 11) are defined as
For the transversely polarized SDC d 
D. Large z behaviour
At hadron colliders, high p T quarkonium production is most sensitive to fragmentation function at large z region. Thus we investigate SDCs obtained above at this region by expanding them around z → 1, and we get
We find that, for all cases, polarization-summed SDC equals to transversely polarized SDC at lowest order in 1 − z expansion, while there are differences at higher orders. Thus longitudinal polarized SDCs are negligible at large z region. The physical reason is very simple. As the two final state gluons are very soft when z → 1, heavy quark spin symmetry ensures that soft gluon emission will not change the spin of heavy quark. Therefore, the finial state heavy quark pair has almost the same polarization as that of the fragmenting gluon, which is transversely polarized. The consequence is that, for high p T quarkonium production, contributions from gluon fragmentating to
1 channel are transversely polarized, for both SGF and NRQCD factorization.
Another information from Eq. (59) is that, at large z region, relativistic correction terms are much larger than corresponding lowest order terms. This is because nonrelativistic expansion enhances the power of heavy quark propagator denominators, which vanish as z → 1. If fact, there are even infrared divergences if one expands to O(v 4 ) terms [28] , and the divergences need to be removed by color-octet mechanism. Based on this, it makes no sense to compare the convergence of velocity expansion between SGF and NRQCD factorization for the current problem. 
IV. NUMERICAL RESULTS AND DISCUSSION
We plot our polarization-summed and transversely polarized SDCs in Fig. 2 and Fig. 3 , respectively. We find that our d O (z, 2m Q , µ 0 ) is compatible with the numerical result in Refs. [11] [12] [13] , and d P (z, 2m Q , µ 0 ) is compatible with the numerical result in Ref. [13] . Our polarized SDC d O T (z, 2m Q , µ 0 ) seems to be not compatible with the result extracted from physical cross section in Ref. [29] . Other results calculated in this paper are new.
In Fig. 4 , Fig. 5 and Fig. 6 , we compare polarization-summed, transversely polarized, and longitudinal polarized SDCs for each case. As expected, polarization-summed SDCs approach transversely polarized SDCs as z → 1.
To estimate the relative contribution of each term for cross section, we integrate FFs calculated in this paper with a test function,
where we denote λ = m Q /E and
The factors F , c 1 and c 2 depend on n, polarization and factorization method. For n = 2, 4, 6, corresponding factors are shown in the Table. I. With larger n, the integration in Eq. (60) probes larger z, we then find c 2 /c 1 also becomes larger which is consistent with our observation of large z behaviour.
Coefficients of transverse polarized SDCs d 
Coefficients of SDC d P (z, 2m Q , µ 0 ) in NRQCD are 
